Receiver Operating Characteristic (ROC) 
Introduction
Receiver Operating Characteristic (ROC) methodology is popular and well-established in medicine [3, 13, 191 . It applies where a single variable, x, is used for classifying individual instances into one of two states (d=O or d=l). Fuzzy ROC methodology, recently introduced as an extension of ROC methodology [5, [7] [8] [9] [10] , is further developed in this paper. Software used for the studies reported here is described in Appendix A.
What is fuzzy?
It has been made clear that modeling decision processes can be enhanced by using fuzzy membership [17, 181. especially in medicine [I] and other disciplines in which categories that are naturally fuzzy are often treated as dichotomous. For example, although "fever" is fuzzy and individuals have fuzzy degrees of membership in "fever", an analyst could model "fever" as dichotomous and assign dichotomous membership values, d=O or d=l, to individuals. It will be demonstrated later that to do so is to discard information and thereby to sacrifice power. Fuzzy membership may be expressed as a single value or as a distribution and it may be numeric (OSdS1) or ordinal. A distribution of fuzzy membership values occurs when more than one assessment is made, such as by a panel of experts. Thus, an individual might have a single 0.8 value in "fever" or a distribution of values centered about 0.8. Alternatively, ordinal classes such as "very low", "low", "medium", "high", and "very high" may be used as fuzzy membership values for "fever".
Fuzzy ROC methodology
ROC methodology was recently extended by allowing fuzzy membership values, the d's, to be in the 0 to 1 interval. [5, 8, 101 . This was accomplished by expanding definitions of sensitivity and specificity to include both fuzzy and dichotomous membership values. It is as if each fuzzy observation is divided into two observations; one having full membership in the class with weight d, and the other having full non-membership with weight (1-d). Then the cumulative distribution function using as weights the d's is the fuzzy sensitivity and the cumulative distribution function with (1-d)-weights is the fuzzy specificity. As the threshold is varied over the range of x, pairs of sensitivity and 1-specificity values can be plotted to obtain the empirical fuzzy ROC plot. Each point on this plot then corresponds to an interval in x.
thermometer might be used to define a gold standard for "fever". A single threshold value could definle a dichotomous gold standard and a monotonic function could define a fuzzy gold standard (see Figure 1A) . Cold standards may also be expressed without mathematical functions such as when an expert directly assigns dichotomous or fuzzy membership values (see Figure  3A) . Later it will be shown how to use ROC plots to develop useful x-based fuzzy functions that could substitute as gold standards.
Fever example
In this contrived example, body temperature measurements in degrees Farenheit were made with digital and mercury thermometers on 100 sequential emergency room arrivals. The objective was to use the digital thermometer as a gold standard for evaluating the mercury thermometer. A fuzzy gold standard was defined using 98.6 to 100.6 degrees as the range in which fuzzy membership increases linearly from 0 to 1, and a dichotomous gold standard was selected using a 99.6 degree threshold. Both gold standards are plotteld in Figure 1A with the abscissa read as the digital thermometer scale. A fuzzy membership data set composed of 100 mercury thermometer readings and degree of membership values from the fuzzy gold standard was generated; it is plotted in Figure 1A. (From this data set, a dichotomous membership data set was constructed by converting fuzzy membership values below 0.5 to d = 0, and those at and above 0.5 to d = 1.) The ROC plot for the fuzzy gold standard data set is shown in Figure: 1B. Also displayed in this figure is the "perfect" fuzzy FLOC plot which is the one that has the largest possible areca for the degree of membership values present in the datal set. It is computed using a surrogate x-variable that is perfectly correlated with the fuzzy d-values.
Glucose example
Gestational diabetes indicated by high glucose levels in expectant mothers could signal macrosomic (big) newborns as well as pregnancy and birthing complications. In this example, a fuzzy gold standard for macrosomia degree of membership based on infant l b i weight was defined using weights from 3. 
Adverse drug reaction example
This example concems adverse drug reaction (ADR) detection and it is presented to illustrate ordinal fuzziness and fuzzy gold standards dexived through expert panel assessments. An ADR is any untoward event related causally to an intended therapeutic agent [151. ADRs can be thought of as discrete or fuzzy events. A methodology using panel consensus, Delphi polling, and artifcial neural networks to establish AT)R gold standards is being developed at NIH. In one study, ten clinical pharmacists independently assessed the presence of ADRs in 100 computer-simulated patient cases represented by 8 covariates. The pharmacists raled ADR presence with the following 5-point ordinal scale: A=most unlikely, B=unlikely, C=uncertain, -possible, &probable. A "Delphi" meeting was held at which the pharmacists discussed and modified divergent ADR ratings. For the present example, the ordinal fuzzy ADR ratings of nine pharmacists were used to complute gold standard ratings for each of the 100 cases. A numerical scale of A=0.05, B=0.20, C=0.50, M . 8 0 , and lk0.95 was used to convert the ADR ordinal ratings to numerical degrees of membership. Gold standard ratings for each case were computed as the average value for the panel of nine. These ratings were employed to evaluate the performance of the tenth pharmacist. The data are plotted in Figure 3A and the ROC plots in Figure 3B. 
Area under the fumy ROC plot
The area under the fuzzy ROC plot can be used to quantify the global performance of the classification 
which produces normalized areas of 0.952 and 0.628 respectively for the examples. Note that for fuzzy data, when A=A,, then A,,=l, and that for dichotomous data,
Bootstrap confidence intervals
The bootstrap is an important statistical device used here for estimating fuzzy ROC parameters such as sensitivity and specificity with confidence intervals (see Appendix B). In the fever example, at 99.8 degree on the mercury thermometer, the sensitivity is 0.741 and the specificity is 0.877 (see Figure 1B) . The 95% confidence intervals based on 2000 bootstrap samples are (0.647, 0.826) for sensitivity and (0.808, 0.937) for specificity. In the glucose example, at a glucose level of 77, the sensitivity is 0.931 and the specificity is 0.248 (see Figure 2B ). The 95% confidence intervals based on 2000 bootstrap samples are (0.872, 0.966) for sensitivity, and (0.193, 0.317) for specificity.
The bootstrap can also be used to obtain confidence intervals for the area under the fuzzy ROC plot. For the fever example, the 95% confidence interval for the (nonnormalized) fuzzy ROC plot area based on 2000 bootstrap samples is (0.852,0.928), and for the glucose example it is (0.557, 0.676). The latter suggests that the area in the glucose example is different from 0.5 and hence glucose is somewhat effective in predicting macrosomia, a notion that could be formally tested. One way to do this would be to compute a z-score as follows: (2) in which the standard deviation of the area, sd(A), is also estimated with the bootstrap. This is z = (0.619-0.500)/0.031 = 3.82 for the glucose ROC plot. The bootstrap can also be used to compare fuzzy ROC plots based on different x's using areas [71.
Dichotomous versus fuzzy
Sensitivity and specificity values corresponding to a particular x-value are not directly comparable across ROC plots based on different gold standards, nor are ROC areas. However, the z-score introduced above could be used for area comparisons. Whereas for the glucose example z = 3.82 using the fuzzy gold standard, for the dichotomous one it is z = (0.618-0.500)/0.037 = 3.22. This suggests not only that glucose predicts macrosomia, but also that the fuzzy degree of membership gold standard seems to have more power than the dichtomous one.
This can be converted to a degree of membership value, f, as follows:
The associated degree of membership for the panel rating is 0.91. The bootstrap can be used to obtain confidence intervals for these values. The confidence interval for the slope is (8.43, 13.16) and for the fuzzy degree of membership is (0.894, 0.927) based on 2000 bootstrap samples.
Fuzzy prevalence and decision rules
Medical decisions based on dichotomous gold standards can also be based on fuzzy gold standards when they are known. In the dichotomous case for a known prevalence, p, and a known cost error tradeoff ratio, c (false positive cost divided by false negative cost), a line segment with slope, s, given by
is lowered to the ROC plot from above and intersects the ROC plot at a point that corresponds to a decision rule. In the fuzzy case, prevalence is the proportion of weighted d's in the population. If the original data reflect this prevalence, as in the glucose example, then it can be estimated from the data. Here the sum of the d's is 89.2 and the total is 250, so fuzzy prevalence is 0.357. For a non-fuzzy rule with c = 0.25, the slope is s = 0.25(0.643/0.357) = 0.450 and the point on the fuzzy ROC plot corresponds to specificity of 0.248 and sensitivity of 0.931, circled in Figure 2B . This notion is now carried over to the generation of a degree of membership function based on the diagnostic variable and not the gold standard variable from with the original function was constructed. This point on the ROC plot corresponds to the glucose interval (75, 771 so if the glucose level of the mother is larger than 77 mg/dl, the decision is in favor of macrosomia and the appropriate action is taken. Note that on Figure 2A , there is a corresponding line segment on to this degree of membership function; it is 0.29 at x = 75 and 0.51 at 77 and then linearly interpolated.
ROC-derived fuzzy functions 11. ROC plot slopes
The slope of a line segment on the fuzzy ROC plot is equal to the ratio of d's to (1-d)'s for the value or values of x that correspond to that line segment. In the ADR example, at the =probable rating, the slope, s, is 10.2.
In general, each straight line with slope, s, ranging from 0 to infinity, when lowered to the empirical ROC plot will intersect a point on the convex hull [8] 
Artificial neural networks
Artificial neural networks ( A N N s ) have been used effectively as discrete classifiers where each case is assigned to one class, and fuzzy classifiers where eiach case is assigned to all classes with fuzzy degrees of membership. As suggested above, ROC-derived fuzzy functions can be used to scale ANN input data. Also, fuzzy ROC methodology may be applied to ANN output classification variables to assess ANN performance and to enhance ANN decision making by accounting for prevalence and misclassification costs [9, 111. The latter is particularly true when an ANN is trained as a fuzzy classifer using fuzzy class membership data, in which case the ANN behaves more like a function estimator than a discriminator.
Conclusions
Fuzzy ROC methodology has been further developed here. In particular, the idea of modeling fuzzy membership with single or multiple, numerical or ordinal values, the use of the bootstrap to obtain nonparametric confidence intervals for all ROC plot parameters, the notion of using ROC-derived fuzzy functions to estimiate degree of membership if the gold standard is unavailable, and the use of fuzzy ROC methodology to enhance artificial neural network performance have been presented with medical examples about fever, macrosomic newborns, and adverse drug reactions to demonstrate practical utility. 
-Specificity

